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  1   .  Introduction 

 The exploits of the thermoelectric effect have been investigated 
by scientists for well over a century. Of interest has been the 
peculiar ability for certain types of materials to convert heat to 
electricity, or under an applied current, create a temperature 
gradient as a means of solid state cooling. However, recent 
interest in the fi eld has been spawned by the ever increasing 
global energy demand, and exacerbated by the current tech-
niques to supply this demand by means that negatively affect 
the overall well-being of the planet. Some argue that thermo-
electric materials have a low probability of making a signifi cant 
impact in the realm of alternative sources of energy, [  1  ]  while 
others are more optimistic regarding the possible thermoelec-
tric returns. [  2  ]  Both sides agree, however, that in order for this 
to happen it is necessary for the effi ciency of thermoelectric 
materials to be increased. 

 Typically when discussing thermoelec-
tric materials, the effi ciency is described by 
the dimensionless Figure of merit ( zT  ). 
This value controls the individual mate-
rial’s effi ciency and can be divided into 
three main material properties zT = a 2

rk T  , 
where a   is the Seebeck coeffi cient (also 
known as thermopower), D   is the elec-
trical resistivity, and 6   is the thermal con-
ductivity which can be broken up into the 
lattice and electrical portions (6 = 6l + 6e ). 
Therefore, an ideal thermoelectric mate-
rial has a large Seebeck coeffi cient while 
concurrently being electrically conductive 
and thermally insulating. This leads to the 
desire to individually tune these material 
properties to enhance the Figure of merit. 
This proves to be quite diffi cult due to the 
coupled effects of electrons involved in 
each property. [  3  ]  However, the lattice por-

tion of the thermal conductivity is least affected by the behavior 
of electrons. Therefore, inhibiting the transport of heat con-
ducted by phonons is a route to increasing the Figure of merit 
in thermoelectric materials. 

 The reduction is founded on the idea that if the phonon 
mean free path, the distance between phonon scattering events, 
is limited one can achieve appreciable decreases in the thermal 
conductivity. Early experimental and theoretical indication of the 
spectral nature of thermal conductivity was conducted at liquid 
helium temperatures on samples of quartz and KCl. [  4,5  ]  The 
scope of these works was to determine the effects of the crystal 
bounds on thermal conductivity. Because the phonon mean 
free path is large enough at such temperatures, the phonons 
travel ballistically through the material, rarely scattering off each 
other, rather scattering off the crystal walls. This established a 
correlation between size and the resulting thermal conductivity 
and inspired the development of techniques to control thermal 
conductivity such as alloying [  6  ]  and grain size reduction. [  7  ]  

 Since then, these established techniques have been utilized 
in a number of material systems, [  8–11  ]  and new processing tech-
niques have been developed in an attempt to gain further con-
trol of thermal conductivity by controlling dimensionality. [  12,13  ]  
Renewed interest in the frequency dependence of phonons has 
inspired the demand for better transport modeling and fre-
quency dependent measurements to adequately characterize 
such materials. [  14,15  ]  This leads to a critical need for a deeper 
understanding of the role interfaces play at these structure 
boundaries. [  16,17  ]  

 Building on these earlier reviews, the focus of this article 
is to provide a framework to quantitatively characterize 
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composites. The current state of the art uses coated powders 
and hot pressing consolidation to achieve these structures 
(Figure  1 b). [  16  ]  There have been several thermoelectric systems 
that have been explored in this fashion such as PbSnSe coatings 

microstructure in a way that can be usefully integrated in these 
advanced thermal transport models. Luckily, microstructure 
morphology and quantitative characterization has a long history 
in metallurgy that can be applied to semiconductors. We will 
discuss the ability to quantitatively control the microstructure 
and understand the specifi c parameters relative to microstruc-
tural morphology, size, and spacing in composite materials. 
The proofs of concept for these processes are substantiated 
through several specifi c examples on thermoelectric materials. 
We also describe some of the newer complex characterization 
tools as well as classic metallurgical analysis techniques perti-
nent to the quantifi cation of microstructure that will enable the 
size control needed for the next generation of functional com-
posite semiconductors such as thermoelectrics.  

  2   .  Structure Types 

 A practical starting point for understanding microstructural 
evolution is in identifying the type of structure formed in one of 
the many available processing routes. There are many structure 
types where direct observation is often enough to identify, while 
others are diffi cult to differentiate and requires additional infor-
mation. Often the origins of these diffi cult to differentiate struc-
tures are resolved by understanding the driving force behind 
the phase separation. This is typically done by determining the 
phase diagram of the material in question through experiments 
and calculations. The following descriptions are not intended 
to be a comprehensive list of structure types, rather the intent 
is to introduce the types of structures often encountered in the 
course of tuning thermal conductivity. 

  2.1   .  Grain Size Reduction 

 One avenue avidly pursued to reduce the lattice thermal con-
ductivity is to minimize the grain size via mechanical alloying/
milling ( Figure    1  a) and rapid consolidation techniques. In these 
works, powders are created by ball milling ingots of pre-melted 
materials (mechanical milling) or the pure elements (mechan-
ical alloying). In both cases, the grain size is reduced to tens of 
nanometers and is maintained at that size by using rapid con-
solidation. The composite aspect of these materials usually lies in 
slight compositional differences, which manifest themselves in 
the form of component rich ingrain nanoparticles. [  8  ]  There is also 
evidence to suggest that small impurities at the grain boundaries 
exist in these types of materials [  18  ]  that could inhibit grain growth.  

 The fi rst system in which thermal conductivity dependence 
on grain size was studied was in alloys of Si–Ge. [  7  ]  It was found 
that a grain size of 5 : m or less resulted in a 28% decrease in 
thermal conductivity compared to the single crystal value. Since 
then, work has been done in Bi2  Te3  /Sb2  Te3  , PbTe, Skutteru-
dites and further enhancements in Si–Ge have been achieved 
in this fashion. [  8  ]   

  2.2   .  Grain Boundary Phase 

 Controlling grain boundary phases is a fairly new and rela-
tively unexplored route to creating functional thermoelectric 
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  2.4   .  Precipitates 

 Nucleation and growth techniques are often used to grow pre-
cipitates within grains with varying morphology (Figure  1 e,f). 
Typically the decreasing solubility with decreasing tempera-
ture of eutectic, or eutectic-like, phase diagrams is the pro-
cedure for growing structures of this type. Systems with 
high solute solubility (> 3 at%) are often desired as this can 
correlate to a higher number density of precipitates. A high 
second phase solubility also indicates that the volume fraction 
will be large enough to have a signifi cant impact on 6l . Ide-
ally, simple eutectic, or eutectic-like phase diagrams present 
approachable ways to exploit the decreasing solubility with 
decreasing temperature along the solvus line to precipitate out 
the desired second phase. This often allows for fi ne structure 
on account of the temperature control in the two phase region, 
and also the slow diffusion in the solid state. There has been 
extensive work done with this technique in age hardening of 
metals, [  28  ]  but recently this technique has proven benefi cial in 
the PbTe system in conjunction with Ag2  Te, Sb2  Te3  , and also 
PbBi2  Te4  . [  29–33  ]    

  3   .  Morphology Control 

 For each previously mentioned structure type there are different 
ways to vary the resulting microstructure’s morphology. From a 
seemingly simple binary phase diagram, one can achieve sev-
eral different structure types by varying the chemical compo-
sition, solidifi cation rate, or processing route. Typically, areas 
around invariant points associated with solidifi cation reactions, 
such as eutectic or peritectic points, act as morphology transi-
tion indicators for different microstructure types. 

on PbSnTe and also CoSb3   coatings on LaCoFe3  Sb12  . [  19,20  ]  Ini-
tial studies on alkali-metal coated (Bi,Sb)2  Te3   materials have 
shown improvements in zT   due to a reduction in 6l  as well. [  21  ]  
However, more work is necessary to understand the structure 
controlling and carrier scattering mechanisms in these mate-
rials because there is evidence of thermal conductivity reduc-
tion even in systems with an incomplete grain boundary phase 
present. [  22  ]   

  2.3   .  Lamellar and Dendritic Structures 

 Lamellae are fi nely spaced (nm–: m) structures that alternate 
in composition as shown in Figure  1 c. They resemble superla-
ttice structures often generated through thin fi lm techniques, 
with the added advantage of being self-assembled. Lamellar 
structures can be either completely aligned in a given domain 
(as in Figure  1 c) or can have more of a disordered pattern. 
The most prevalent material studied with such a structure is 
pearlite steel, [  23  ]  but this type of structure has formed in the 
PbTe–Sb2  Te3   system of materials as well. [  24–27  ]  This type of 
microstructure can be generated in the bulk by solidifi cation 
and eutectic reactions or through solid state techniques such as 
eutectoid reactions. 

 Dendrite structures can also be generated by solidifi cation 
methods and have a tree-like branched form (Figure  1 d). In 
geology, dendritic formation can occur in the large scale crystal 
habit, as is the case for native copper. However, in materials 
design dendrites are more typically thought of as a result of 
an internal phase separation. Analogous to lamellae, dendritic 
microstructure has been found in the PbTe–Sb2  Te3   system, 
however unlike the lamellae, dendrites are typically formed by 
solidifi cation from the liquid. [  25,27  ]   

      Figure 1.  Examples of different types of deliberate microstructure in thermoelectric applications. a) Grain size reduction, b) grain boundary phases, 
c) lamellar structures, d) dendrite formation, and e,f) precipitation based microstructure are all promising routes to reducing thermal conductivity. 
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compounds are considered the total molar content can be 
misleading with regard to �Sf  . To extend the predictive guide-
lines of the entropy of fusion for more complex material sys-
tems, it is necessary to convert the units from a per mole basis 
to one that is per moles of atoms. Also known as the gram-
atom (g-atom), this is done simply by dividing the enthalpy 
of fusion by the number of moles of constituent atoms in one 
mole of the compound. This conversion takes into account the 
fact that enthalpy and entropy are extensive properties, and it 
puts the comparison of simple metals and more complex sys-
tems on an even keel by effectively normalizing them by the 
total number of moles of atoms in one mole of the compound. 
Therefore, as seen in Table  1  the values of �Sf   for the ele-
mental metals and semi-metals is the same, however for the 
binary and ternary compounds is decreased by the number of 
moles of atoms. 

 In some cases however this conversion is not suffi cient to 
explain the resulting morphology. In the case of the eutectic 
solidifi cation of TiO2  -SrTiO3   the resulting structures upon 
solidifi cation have been proven to be faceted, resembling that 
of split ring resonators. [  37  ]  However, as can be seen in Table  1  
after the g-atom conversion, the values for TiO2   and two other 
titanates comparable to SrTiO3   all have values of P   below the 
transition value for faceted structures. However, upon melting 
these highly ionic materials the resulting liquid is not com-
pletely disordered. Therefore, there is an additional consid-
eration to make for molecular liquids, as there is a signifi cant 
ordering required upon freezing. 

 While �Sf   is a good indicator for whether the growth inter-
face will be diffuse or smooth, resulting in lamellar/rod-like or 
faceted structures, it does not always predict the resulting solid-
ifi cation morphology. When the solidifi cation occurs at a com-
position that is far from the eutectic composition, the effects 
of undercooling play an important role in the solidifi cation 
morphology. Currently, the impact of undercooling on eutectic 
solidifi cation has been explored on a preliminary basis, and it 
has been established that there exists a critical undercooling 
where the morphology differs from the type predicted by 

  3.1   .  Solidifi cation Morphology 

 The point on a phase diagram in which a single phase liquid 
directly solidifi es into solid phases, forgoing any solid–liquid 
equilibrium region, is referred to as the eutectic point. In dis-
cussing binary, or in many thermoelectric cases pseudo-binary, 
eutectic solidifi cation the microstructural morphology is most 
easily understood using the ideas of Hunt and Jackson. [  34  ]  
Early atomistic treatments of solid–liquid interface growth by 
Jackson considered the free energy change during the atom 
exchange for an exposed crystal face in contact with its liquid 
during melting or freezing. [  35,36  ]  It was determined that the 
material’s entropy of fusion, �Sf  , also known as the entropy of 
melting, can be used to predict morphology type. The entropy 
of fusion,

�Sf = �Hf

Tm   
(1)

     

 where �Hf  and Tm  are the enthalpy of fusion and the melting 
point, is the change in entropy upon melting of a pure sub-
stance. Under this formalism, [  36  ]  the entropy increases as the 
confi gurational possibilities increase as melting occurs, thus 
the value is often positive. 

 The entropy of fusion is made dimensionless when divided 
by the universal gas constant (P   = �Sf

R  ) and when the free 
energy change associated with the atom exchange during 
growth is minimized, there are two distinct mechanisms 
based on P  . For values of P < 2   the free energy is minimized 
resulting in a rough crystal interface indicative of no preferen-
tial crystal ordering, and for P > 2   the minimization dictates a 
smooth interface, representative of a preferred crystal orienta-
tion during growth. [  35  ]  

 It should be specifi ed that the following criteria pertain 
to solidifi cation at or near the eutectic point, which will be 
referred to as eutectic solidifi cation. Eutectic compounds can be 
placed into three discernible categories based on P  . [  34  ]  The fi rst 
is where the entropies of fusion of the two substances are sim-
ilarly low (P < 2  ), the next is where they are completely dis-
similar (P < 2   in one, P > 2   the other), and the third is where 
both are similarly high (P > 2  ). 

 In the case of the constituent compounds having low �Sf   
values, the morphology is most often lamellar or rod-like. 
Examples of this type of behavior exist in such systems as Pb–
Sn, Pb–Cd, or Sn–Cd [  34  ]  where each compound has a similar 
enthalpy of fusion and melting point ( Table    1  ).  

 There is a more varied morphology, however, when one 
phase has a lower �Sf   than the other. The structures in this 
scenario often have a complex and or irregular shape. Classic 
cases of such morphologies can be seen in the Pb–Bi or Sn–Bi 
systems [  34  ]  as the low melting point and large enthalpy of fusion 
give Bi a signifi cantly larger P   than either Sn or Pb (Table  1 ). 

 In the case of similarly large �Sf   values, both phases grow 
with smooth solid–liquid interfaces under a normal nuclea-
tion process, which often results in large fl at crystal faces. On 
account of semi-metals or semi-conducting materials often 
having high entropies of fusion, this type of microstructure is 
observed in the solidifi cation of such materials. 

 The atomistic view in the previous discussion works well for 
simple systems such as metals, however when more complex 

 Table 1.   Enthalpy and entropy of fusion per g-atom, and P   values for 
simple metals and more complex compounds pertinent to the discus-
sion of solidifi cation morphology. 

Compound  Tm  [K]  �Hf   
[kJ g-atom −1 ]  

�Sf   
[kJ g-atom −1  K]  

P    Refs.  

Pb  600.6  4.77  7.95  0.96   [  38  ]   

Sn  505.1  7.15  14.15  1.70   [  38  ]   

Cd  594.2  6.21  10.45  1.26   [  38  ]   

Bi  544.6  11.11  20.39  2.45   [  38  ]   

Si  1687.2  50.21  29.76  3.58   [  38  ]   

Ge  1211.4  36.94  30.49  3.67   [  38  ]   

Sb2  Te3    891.2  19.8  22.2  2.67   [  39  ]   

PbTe  1197.2  20.7  17.3  2.08   [  40  ]   

TiO2    2143  22.32  10.41  1.25   [  41  ]   

CaTiO3    2233  21.3  9.6  1.15   [  42  ]   

BaTiO3    1898  15.9  8.4  1.01   [  43  ]   
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microstructure. In this process the entirety of the material 
is melted and one end is brought into a zone of decreased 
temperature initiating solidifi cation. This proceeds until the 
solid–liquid interface reaches the other end of the sample, 
solidifying completely. Successful lamellar alignment has 
been accomplished in the Ag–Pb–Te and Ag–Sb–Pb–Te ter-
nary systems utilizing this method. [  49,50  ]  All of the same mor-
phological control parameters are employed ( �Sf   and ∇T

<  ) in 
this type of experiment, however because the solidifi cation is 
directional, the interface control is substantial, allowing one 
to tailor the alignment of the resulting microstructure. Often, 
the scenario of low �Sf   values involving lamellar or rod-like 
morphology have the most signifi cant alignment due to the 
simplicity of growth compared to that of irregular or faceted 
structures.  

�Sf  . [  44  ]  There is continued work in understanding the mecha-
nism in which this change occurs. [  45  ]  

 However, many applications either allow or require that 
solidifi cation take place far from the eutectic composition, 
and the mechanism for freezing of this variety is known as 
single phase solidifi cation. That is, there is one primary solidi-
fying phase, unlike eutectic solidifi cation in which there are 
at least two. In the solidifi cation of a eutectic system far from 
the eutectic composition, the solid phase rejects solute at the 
solidifi cation front, thereby increasing the solute content in the 
liquid and decreasing the liquid temperature in the vicinity of 
the solid–liquid interface. Therefore, the temperature of the 
liquid at the interface will be lower than the liquidus tempera-
ture of the bulk liquid and this effect is known as constitutional 
undercooling. 

 This concentration gradient based undercooling can lead to 
variations in the resulting morphology in single phase solidifi -
cation. The source of the variation stems from the solid–liquid 
interface stability. Tiller and Chalmers determined that for a 
binary single phase solidifying system, in the absence of con-
vection, there is a critical condition in which constitutional 
undercooling occurs [  46  ] 

∇T

<
≤ mC0

D

(
1 − k

k

)
  

(2)
    

  where ∇T   is the temperature gradient in the liquid at the 
interface, <   is the solidifi cation velocity, m   is the slope of 
the liquidus, C0   is the equilibrium concentration, D   is the 
diffusion coeffi cient, and k   is the distribution coeffi cient. 
For values of ∇T

<   that do not satisfy this condition, it is pre-
dicted that the solidifi cation will result in no microstructure 
formation. However, for values of ∇T

<
  that satisfy this condi-

tion there will be some form of microstructure generation. 
Moreover, if the value of ∇T

<   is near the critical condition 
the likely morphology will be that of a lamellar or rod like 
structure, often referred to as a cellular structure. When the 
departure from this critical value is large, the morphology 
is typically dendritic. It should be noted that �Sf   is still an 
important parameter in single phase solidifi cation. In that, if 
faceted structures are predicted, and the value of ∇T

<   is suffi -
ciently small, the resulting microstructure will still be atomi-
cally smooth, but can produce faceted dendrites [  47  ]  or spiraled 
hopper crystals. [  48  ]  

 Taking this into account, the solidifi cation morphology of 
single phase solidifi cation has been explored in the more com-
plex PbTe–Sb2  Te3   system. [  25,27  ]  After the g-atom conversion this 
material system behaves as one would with dissimilar values 
of P  . As can be seen in  Figure    2  , when rich in the lower �Sf

 -PbTe phase, the resulting microstructure is dendritic, while 
when rich in the higher entropy Sb2  Te3   phase the microstruc-
ture is of a layered and faceted variety. This happens in lieu of 
the fact that in both materials P   is greater than the transition 
value. However, because the value for PbTe is very near this 
transition point it is not unreasonable to fi nd a non-faceted 
microstructure.  

 The degree of structure alignment can be controlled in 
solidifi cation based microstructure formation as well. The for-
mation of eutectic microstructure occurs at the solid–liquid 
interface, and directional solidifi cation results in an aligned 

      Figure 2.  Even in the same material system it is possible to generate 
different microstructure based on the details outlined in Equations  1 , 2 . 
In the case of the pseudo-binary PbTe-Sb2  Te3   system, to the PbTe side of 
the eutectic solidifi cation experiments yield a dendritic microstructure, 
while to the Sb2  Te3   portion experiment yield a layered faceted micro-
structure. [  25  ]  Adapted with permission. [  27  ]  Copyright 2010, The Minerals, 
Metals & Materials Society. 

Adv. Funct. Mater. 2014, 24, 2135–2153
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solid-solid interfaces. 
 The results of eutectoid directional cooling 

experiments can be seen in  Figure    3   where 
the metastable Pb2  Sb6  Te11   phase reacts to 
form lamellae of PbTe and Sb2  Te3  . A more 
isotropic morphology is possible when the 
material is annealed at a temperature below 
the eutectoid point, which can be seen in 
Figure  8 . Therefore, the anisotropy of the 
resulting structures can be controlled via the 
reaction interface through directional cooling 
(isotropic structures) or bulk isothermal 
annealing (anisotropic structures) depending 
on which type is desired.   

  3.3   .  Nucleation and Growth Precipitation 
Morphology 

 The generation of microstructure based 
on nucleation and growth of precipitates is 
described best by the labeled eutectic phase 

diagram of  Figure    4  . In accordance to this type of phase dia-
gram, a typical synthesis route to precipitate a secondary $   
phase in a matrix of "   would be to fi rst melt the constituent 
elements, then homogenize the material in the solid solution 
region and fi nally precipitate the desired microstructure.  

 The initial morphology of precipitates formed during nuclea-
tion and growth is best understood based on the dependence of 
free energy. Nucleation occurs when the overall change in free 
energy is lowered causing �G   to be a negative value. To fi rst 
order, �G   is represented by

�G = − V�GV + A(   (3)     

 where V   is the nuclei volume, �GV   is the volumetric free 
energy, A   is the nuclei surface area, and (   is the surface free 
energy. For the stable nuclei initially formed, the morphology 

  3.2   .  Eutectoid Reaction Morphology 

 While eutectic solidifi cation involves a single liquid trans-
forming into two (or more) solids upon cooling, a eutectoid 
reaction is similar and produces similar microstructure. The 
difference being that the latter reaction pathway involves a 
single solid dissociating into distinct solid phases. There is a 
similar type of microstructure formed by a reaction known as 
spinodal decomposition. [  51  ]  It is often however diffi cult to dif-
ferentiate between lamellar eutectic/eutectoid structures and 
those formed by spinodal decomposition. The difference lies 
within the formation pathways, the former involving growth via 
nucleation [  52  ]  and the latter occurring uniformly throughout. [  51  ]  
Distinguishing between the two reactions directly would involve 
the impractical in-situ observation of the microstructural evo-
lution. More practically, understanding the 
phase diagram would reveal the nature of 
the microstructure’s origin. An example of a 
thermoelectric spinodal is that of the PbTe–
GeTe system, [  53  ]  and while this type of micro-
structure has been shown to be effective in 
tuning thermal conductivity it does not fall 
under the scope of this work. 

 There is a rich history of directional 
solidifi cation experiments examining the 
alignment and morphology of the resulting 
microstructure, [  34  ]  but this is not the case 
with regard to eutectoid reactions. [  54–57  ]  How-
ever, it is possible to extend the results of the 
directional eutectic solidifi cation literature to 
better understand eutectoid reactions with 
the added exception of understanding the role 
of interfacial strain energy. Because the mate-
rial remains in the solid state throughout a 
eutectoid reaction, the interfacial interactions 
are non-negligible [  58  ]  complicating eutectoid 

      Figure 4.  A schematic of the processing route undertaken in nucleation and growth based 
microstructure formation. The material is initially melted, then homogenized, and fi nally the 
isothermal annealing temperature is decreased such that it exploits the decreasing solubility 
with temperature to form a second phase. 

      Figure 3.  a) A magnifi ed section of the PbTe-Sb2 Te3  phase diagram near the Pb2 Sb6 Te11  eutec-
toid compound [  27  ]  and b) an electron micrograph of the resulting directional cooling experi-
ments for the eutectoid reaction of Pb2 Sb6 Te11  to PbTe-Sb2 Te3 . The resulting microstructure 
is aligned in a similar fashion to the directional solidifi cation experiments that were the basis 
of the morphological control. [  34  ]  Adapted with permission. [  27  ]  Copyright 2010, The Minerals, 
Metals & Materials Society. 
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interfacial dislocation content, so much so that it is diffi cult to 
directly image.  

 Some systems’ combination of crystal structure and lattice 
mismatch even allow for coherent precipitation to occur, as all 
previous cases were reported to be semi-coherent. In the case 
of PbTe–Ag2  Te, it has been reported that the cubic-monoclinic 
arrangement of {001}‖  {201} and a low lattice mismatch of 
1.8% permits complete coherency in some precipitates. [  65  ]  
The morphological evolution in this system is slightly compli-
cated as the nucleation and growth temperatures involve cubic 
phases for both PbTe and Ag2  Te, while upon cooling the Ag2  Te 
phase transforms into the monoclinic phase. 

 In all of the previously mentioned cases, the host or 
matrix phase has been a cubic structure and since there are 
often several similar crystallographic orientations, four in 
the {111}‖  {0001} case (top row, Figure  15 ) and three in the 
{001}‖  {201} case, there is often a distribution of structure ori-
entations. However, the Bi2  Te3  –In2  Te3   system, while having a 
{111}‖  {0001} orientation, is limited to the precipitation in the 
basal planes as the matrix phase is the HCP crystal. Therefore, 
the resulting microstructure is aligned with all precipitates ori-
ented in the same fashion in any individual grain (bottom row, 
Figure  15 ).  

  3.4   .  Nonequilibrium Processing Morphology 

 Nonequilibrium processing provides additional dimensions of 
control in material systems in which equilibrium based pro-
cessing routes do not. The resulting morphology is created by 
initially forcing a system into a metastable state, and then rap-
idly bringing it back into equilibrium (detailed in Figure  16 ). 
However, akin to the discussion of free energy balancing in 
nucleation and growth for nuclei formation, the initial shape 
to balance out the free energy is typically spheroidal due to the 
small structure size. 

 This is most likely due to the inherent large chemical driving 
force in compounds with large heats of solution, increasing the 
nucleation rate and ultimately the number density. Under the 
assumption of spherical nuclei and the fact that the equilib-
rium volume fraction will be fi xed by the phase diagram, the 

will be spheroidal to balance the dominance of the surface free 
energy to that of the volumetric free energy (Equation  3  and 
 Figure    5  ). As the precipitates grow, however, the optimization 
of the volumetric and interfacial free energies can lead to a 
myriad of morphologies as the dominant shape of the resulting 
precipitates is not necessarily an equilibrium shape. Often, 
the resulting stable structures are the ones that nucleate the 
fastest. [  59  ]  This occurs due to the strong dependence of (   on 
the nucleation rate, which does not necessitate an equilibrium 
shape as it could very well be a less stable structure that domi-
nates the growth process.  

 There are also interfacial elastic energies, based on the 
elastic constants, that can play a role in governing the mor-
phology of precipitates in this regime. [  58  ]  As has been seen in 
the PbTe–Sb2  Te3   system, a weak interfacial compatibility condi-
tion led to precipitates forming a ribbon like shape as opposed 
to the disk or lenticular shape previously expected (Figure  5 ). [  60  ]  

 However, other simple guidelines for precipitation based 
morphology lie in the comparison of crystal structures and lat-
tice constants of the materials in question. For example, in the 
Bi–Sb system both elements share the same crystal structure 
and have very similar lattice parameters, so based on the Hume 
Rothery rules it is not unexpected for them to form a complete 
solid solution and ultimately little, if any, microstructure. [  61  ]  
However, Bi and As also share the same crystal structure yet 
the lattice mismatch is large enough that there is very little 
solubility [  62  ]  indicating the possibilities of signifi cant nucleation 
based microstructure formation. 

 However, many examples of nucleation and growth based 
microstructure in thermoelectric materials is one of differing 
crystal structures. The differing morphological results are often 
dictated by which material is the host phase, and which is the 
secondary phase. In both the PbTe–Sb2  Te3   and AgSbTe2  –Sb2  Te3   
systems the host phase is a rock-salt structured crystal with 
an embedded tetradymite secondary phase, [  63,64  ]  each with the 
classic FCC-HCP {111}‖  {0001}orientation relationship. The 
primary difference however, is in the dislocation spacing along 
the interface in each system. Due to the large mismatch (6.7 %) 
in the PbTe–Sb2  Te3   system [  63  ]  there are a signifi cant number of 
interfacial dislocations along the interface (arrows,  Figure    6  ). 
However, the lattice mismatch in AgSbTe2  –Sb2  Te3   is an order 
of magnitude smaller (0.8 %) [  64  ]  and has an appreciably lower 

      Figure 6.  A high resolution transmission electron microscope (HRTEM) 
image of interfacial dislocations at the boundary of Sb2 Te3  (bottom) in 
PbTe (top). The arrows indicate the location of the dislocation cores at 
the interface. 

      Figure 5.  A three dimensional reconstructed SEM image of a PbTe-Sb2 Te3  
section and the resulting size dependent morphologies. As the size of the 
precipitate increases the morphology changes from a spheroid to a disk 
and fi nally a ribbon like morphology [  60  ]  
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dt
 . If we assume 

a simple binary eutectic phase diagram, it would be expected 
that the initiation and completion stages would occur at the 
liquidus (initiation) and eutectic (completion) temperatures. 
From the T   versus t   curves, the onset of solidifi cation will be 
a local minimum due to the signifi cant drop in cooling rate as 
the material traverses from the pure liquid to the solid–liquid 
region, as it will no longer be compensated by the latent heat 
of fusion, and the cooling rate will increase once again. Once 
the onset and completion temperature and time have been well 
defi ned, it is a simple matter of calculating RLS = �TLS

�tLS
 . 

 Once the cooling rate is established, it is possible to be 
quantitative about controlling the resulting structural features. 
Cooling rate effects on structure size has been extremely impor-
tant for improving the yield strength in metals and has been 
studied extensively. [  70  ]  In the case of the PbTe–Sb2  Te3   thermo-
electric system, Ikeda employed the inter lamellar spacing, or 
layer spacing, 8  , for the layered faceted structures and sec-
ondary dendritic arm spacing, ds  , as characteristics to compare 
microstructural sizes. [  25  ]  Inter lamellar spacing is the spacing 
between the central points of the areas of compositional discon-
tinuity. More simply put, it is the spacing between the center 
points of two adjacent structures in the material. This is calcu-
lated for many structures, in many domains across the mate-
rial. Obviously this trait only applies to materials in which lay-
ered structures are the primary type. Secondary dendritic arm 
spacing is the spacing between the secondary arms that form 
on dendritic structures. This can be imagined as the primary 
dendrite arm as a saw blade, and the secondary arms as the 
teeth on the blade. 

 Cooling rate is often empirically described for dendritic sys-
tems related to ds   by [  71  ] 

ds ∝ 1

Rn
LS   

(5)
    

  where n   is an empirical constant and RLS   is the liquid–solid 
cooling rate. The value of n = 0.32   in PbTe–Sb2  Te3   is similar 
to those reported in the literature, as typical values of n   range 
from 0.25 for most Al alloys up to 0.48 for Sn–Pb alloys. [  25  ]  In 
looking at Equation  5  it is obvious that for a system of primarily 
dendritic microstructure formation, the larger the solidifi cation 
rate the fi ner the microstructure. 

 The determining factors controlling the inter lamellar 
spacing however are not as straightforward. The layer spacing, 
8  , for a simple eutectic reaction during nucleation is described 
by [  72  ] 

82< ∝ const.  (6)     

 where <   is the solidifi cation velocity. According to Equation  6 , 
8   is expected to decrease for an increased solidifi cation velocity. 
It is a reasonable assumption that this is directly related to the 
cooling rate, therefore a larger cooling rate will decrease the 
layer spacing. However, there is an inherent drawback to using 
solidifi cation techniques with thermoelectric materials due to 
their low thermal conductivities as it leads to low solidifi cation 
velocities. For example, to achieve structure sizes on the order of 
what is typically desired (≈100 nm) in the PbTe–Sb2  Te3   system, 
this would require a cooling rate upwards of 105   K s -1 , [  25  ]  which 

structure size is expected to be small, possibly approaching the 
critical radius for stable nuclei, r ∗  , according to

fv =
4

3
Br 3 Nv

  
(4)

    

  where fv   is the volume fraction, r   is the nuclei radius, and Nv   
is the number density. Therefore, for a fi xed value of fv   and 
an increase in Nv   due to the increased nucleation, the nuclei 
radius will decrease. If the increase in Nv   is large enough, it is 
possible for the actual structure radius to be near the value of 
the critical radius, r ∗  . Thus, as discussed in the previous sec-
tion, the balancing of the volumetric and surface free energies 
results in a spheroidal morphology (Figure  17 ).   

  4   .  Control of Length Scale and Implications 

 It is important to describe quantitatively what the defi nition of 
fi ne microstructure is for thermoelectric materials. The early 
works in Si–Ge alloys claimed that signifi cant reductions can 
be achieved at a mean structure size of 2 : m. [  7,66,67  ]  While this 
may be true in Si–Ge alloys, the spectral nature of thermal con-
ductivity dictates that structure size and scattering is material 
dependent, arising from the varied phonon dispersions in dif-
ferent material systems. Therefore, it is reasonable to expect an 
array of structure sizes and spacings can benevolently affect 6l  
for thermoelectric applications. In PbTe for example, calcula-
tions were conducted with the conclusion that 80% of the heat 
carrying phonons had a mean free path that spanned nearly 
two orders of magnitude (50–1000 nm). [  68  ]  Moreover, other 
authors calculated that if the phonon mean free path was lim-
ited to 100 nm in PbTe, there would be a 20% reduction in the 
total thermal conductivity. [  15  ]  It was further asserted that to 
achieve a thermal conductivity reduction of 40% in PbTe would 
involve decreasing the phonon mean free path an order of mag-
nitude further to 10 nm. These works elucidate the idea that it 
is possible to achieve a signifi cant thermal conductivity reduc-
tion through structure sizes and spacings larger than recently 
predicted, [  11,14  ]  but smaller than originally thought. [  66,67,69  ]  

  4.1   .  Solidifi cation 

 Solidifi cation of materials at or around critical points, such as 
eutectic or peritectic reactions, has been known to produce a 
spectrum of different microstructure types. Even though the 
resulting microstructural differences often dictate morphology 
specifi c parameters to fully quantify the structures, one uni-
versal parameter that controls length scale during solidifi cation 
is the cooling rate, RLS  . It is in understanding the cooling rate 
that can lead to information about the onset and completion of 
solidifi cation and also quantifi able predictions to size scales of 
the potential structures. 

 In order to quantify the cooling rate, RLS  , during solidifi ca-
tion it is necessary to identify the initiation and termination 
points of solidifi cation. This information is garnered from 
experimental T   versus t   cooling curves. In the simplest case, 
the material should experience thermal arrest during solidifi ca-
tion. Specifi cally at the points of initiation and completion, the 
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several investigations to model the coarsening of eutectic and 
eutectoid microstructure. Graham and Kraft modeled 8  ( t  ) of 
the Al–CuAl2   eutectic system based on fault migration [  81  ]  which 
lead to a linear time dependence (8  ( t  )∼  t  ) of the lamellar 
spacing. Cline used a similar approach to model coarsening, 
however also included fault annihilation and derived a t1/2  
dependence. [  82  ]  However, the data for the PbTe–Sb2  Te3   system 
did not present a linear time dependence with respect to 
lamellar spacing. In fact, as can be seen in  Figure    9  , there was 
a decelerated coarsening with time, which is better represented 
by the power law developed by Cline ( t1/2 ) but even this still did 
not fi t well with the data. [  26  ]   

 In order to better understand the coarsening method in the 
PbTe–Sb 2  Te 3   system it would be benefi cial to obtain more 
kinetic data and develop more thorough models. A route to 
enhance existing models could be to incorporate a Kolmog-
orov-Johnson-Mehl-Avrami (KJMA) [  83–87  ]  like equation to the 
methods of either Graham and Kraft [  81  ]  or Cline. [  82  ]  The KJMA 
equation, which takes the form

f = 1 − exp(−ktn)   (7) 

     and represents the percentage of volume fraction transformed 
in nucleation and growth based microstructure, could establish 
a more realistic deceleration in lamellar spacing. 

 The temperature dependence of lamellar spacing was very 
well described by Zener [  72  ]  in his studies of the kinetics of 
austenite decomposition. He developed the idea that the layer 
spacing at the onset of coarsening is related to the undercooling 
by

8 = 4(TEVm

�H�T   
(8)

  

    where (   is the surface energy, TE   is the eutectoid tempera-
ture, Vm   is the molar volume, �H   is the enthalpy difference 
between the eutectoid and supercooled material at the onset 
of nucleation, and �T   is the undercooling. This expression 
implies that the further below the eutectoid temperature the 
reaction takes place, the smaller the layer spacing. This idea is 
well supported by the 8   data of PbTe–Sb2  Te3   (Figure  9 ) as the 
lamellar spacing decreases as the undercooling increases. The 
benefi ts of resulting spacing due to the large undercooling can 
be seen in the lattice thermal conductivity data ( Figure    10  ) as 
well, where there is a large decrease in 6   for large �T  . The 

can be diffi cult to achieve when the internal heat transfer of the 
solidifying material is low. 

 Still, results of measurements in the PbTe–Sb2  Te3   system 
involving the structure size dependence on solidifi cation rate 
support the idea that a faster cooling rate results in fi ner micro-
structure ( Figure    7  ). Even though the PbTe–Sb2  Te3   system’s 
inherent low thermal conductivity requires a very large cooling 
rate for thermoelectric applications, there are techniques that 
could potentially achieve this. Splat cooling is a candidate that 
involves rapidly solidifying a thin layer of liquid on a cooled 
surface. [  73  ]  A version of splat cooling called melt spinning [  74  ]  
has been widely used in the amorphization of materials, most 
notably metallic glasses. [  75  ]  Melt spinning has been used in 
thermoelectric materials, however the focus tends to be in 
making nanocrystalline material. [  76,78  ]  There has been a recent 
trend in attempting to correlate the effect of cooling rate on the 
resulting transport properties, [  79,80  ]  however quantitative micro-
structure control is often not considered.   

  4.2   .  Eutectoid Reaction 

 Controlling microstructure formation via eutectoid reaction 
works on the idea that if one starts with a solid phase that 
becomes metastable below some critical temperature, it is 
possible to generate fi ne microstructure through the decom-
position of this metastable phase into two new, energetically 
favorable phases (( → " + $  ). Similar synthesis routes can be 
used in peritectoid reactions, with the difference being that the 
metastable phase separates upon an increase in temperature 
beyond the critical point. However, here the focus will remain 
on eutectoid reaction based microstructure formation. The 
parameters for controlling the microstructure size and spacing 
are the time for the reaction to take place and the temperature 
at which the event occurs. Early metallurgical works in Cu–Al 
alloys [  54  ]  and Co, Cu, and Ni alloys [  57  ]  laid the groundwork in 
establishing that a large undercooling results in a fi ne layer 
spacing in eutectoid systems. With regard to thermoelectric 
materials, we visit the PbTe–Sb2  Te3   system and fi nd that the 
starting metastable compound Pb2  Sb6  Te11   will react to form 
lamellae of PbTe and Sb2  Te3   ( Figure   8 ).  

 The complexity of the inter lamellar spacing during nuclea-
tion makes for diffi cult modeling, however there have been 

      Figure 7.  The trend of smaller structure size with increased cooling rate is seen in the solidifi cation experiments of Ikeda involving PbTe-Sb2 Te3  [  25,27  ]  
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temperature dependence of this spacing is limited, however, as 
it is unlikely that for extremely large undercoolings the reaction 
kinetics will allow signifi cant microstructure formation. The 
beginning of such a limitation can be seen in Figure  9 , as the 
dependence of 8   on the reaction temperature decreases for the 
samples below 500 °C.  

      Figure 10.  The dependence of thermal conductivity on the layer spacing 
in the PbTe–Sb2 Te3  system shows a dramatic improvement when the layer 
spacing is minimized. [  88  ]  The values of p  indicate the level of specularity 
with values near zero being diffuse. Adapted with permission. [  88  ]  Copy-
right 2010, American Institute of Physics. 

      Figure 9.  The a) fraction transformed and b) inter-lamellar spacing, 8  , vs 
time for several samples of PbTe–Sb2 Te3 . [  26  ]  The discrepancy among the 
samples involved could potentially be remedied with the generation of a 
KJMA type equation (see text). 

      Figure 8.  The trend of decreasing layer spacing with larger undercooling is observed in the case of the eutectoid reaction of a) Pb2 Sb6 Te11  to PbTe–Sb2 Te3 . 
The three examples annealed for equivalent time at b) 500 °C, c) 400 °C, and d) 300 °C validate the assertions of Equation  8 . 
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solidifi cation experiments, such as the Bridgmann method, can 
be used to determine the maximum solubility, [  31,33,93  ]  and iso-
thermal annealing experiments can be conducted to map out 
the pertinent portions of the solvus line. 

 Once there has been some determination of the solvus line, 
it is necessary to understand the effects of undercooling (�T  ) 
and supersaturation (�c  ). In this case, the undercooling is 
defi ned as the difference in temperature from the solvus line 
and the temperature of the material when T < Tsolvus  . The 
supersaturation on the other hand corresponds to the amount 
of excess solute in the material when c > csolvus  . 

  Figure    11   a is a schematic of a binary eutectic phase diagram, 
and the corresponding free energy curves associated with the 
isotherm indicated by the horizontal dashed line (Figure  11 b). 
It is assumed that the two compositions considered have a sim-
ilar undercooling with the main difference being the supersatu-
ration levels; with one having a higher solute content than the 
other ( c2  >  c1  ).  

 As can be seen in Figure  11 b, the lowest free energy curve 
for compositions c1   and c2   is the common tangent, indicating 
that the lowest energy confi guration dictates a phase separa-
tion. Moreover, the chemical driving force, which is related 
to the tangent of G"   (at c1   or c2  ) to the composition near the 
tangent point of G$  , increases as the composition is increased 
from c1   to c2  . Therefore, the larger chemical driving force for 
c2   (�G2  ) indicates there will be a stronger drive for nucleation 
than c1   (�G1  ). 

 This supersaturation trend can be seen in the nuclea-
tion and growth work done within the PbTe–Ag2  Te system 
( Figure    12  ). [  30  ]  The Ag2  Te content was increased in four incre-
ments over the same isotherm, and resulted in an increased 
number density due to the increased nucleation driven by the 
larger supersaturation. Because of this, there was a large reduc-
tion in the thermal conductivity reduction as seen in Figure  12  
and was the basis for improving both n- and p-type PbTe.  

 The variable composition cooling experiments in the PbTe–
Sb2  Te3   system ( Figure    13  ) had slightly contradictory results, 

 A secondary parameter to tune would be 
the surface, or interface energy, (  . Due to 
the inherent diffi culty in directly tuning the 
surface energy, it is more a consideration 
that can be taken to promote smaller lamellar 
spacings that are benefi cial for thermoelec-
trics. For example, if the two constituent 
materials involved in the reaction are known 
to have low energy incoherent interfaces, this 
could be an important deciding factor that 
can help reduce the inter lamellar spacing. 

 There is also the added benefi t of eutectoid 
reactions over eutectic reactions for thermo-
electric applications because of the kinetic 
nature of solid state reactions. Diffusion in 
the liquid state is considerably faster than in 
the solid state, so when a eutectoid reaction 
takes place, the diffusion is markedly slower. 
The end result of such diffusion is that the 
resulting microstructure often has a higher 
number density for a similar volume. 

 It should be noted that measured layer 
spacing for in-grain lamellae is strongly dependent on the ori-
entation relative to the viewing plane. Lamellae that lie perpen-
dicular to the viewing plane will appear to have a smaller layer 
spacing than those that are not. Therefore, when measuring 
layer spacing, it is necessary to account for this discrepancy and 
calculate the true lamellar spacing. [  89  ]   

  4.3   .  Nucleation and Growth Precipitation 

 Because the synthesis procedure for nucleation and growth 
based precipitation as described in Figure  4  is also a solid state 
reaction, it has the same microstructural advantages as that of 
eutectoid microstructure. However, the nucleation and growth of 
precipitate based microstructure is dependent on three parame-
ters. The temperature at which the phase segregation takes place, 
the composition of the material based on the phase diagram, 
and the duration of the event all control the resulting size and 
spacing during the transformation. This type of microstructure 
formation is often used with great success in the strengthening 
of Al [  90  ]  and Fe [  91  ]  alloys and is often referred to as age or pre-
cipitate hardening. [  92  ]  There is an overlap in control parameters 
between eutectoid and nucleation and growth based reactions, 
however, in the latter case the composition is not as limited by 
critical points on the phase diagram, therefore allowing more 
variability in the volume fractions of constituent phases. 

 There is, however, a compositional limitation set by the 
phase diagram for nucleation processes. If a eutectic phase dia-
gram is considered, this limitation is dictated by the maximum 
solubility of the secondary phase in the host material. As can 
be seen in Figure  4 , a typical synthesis route to precipitate a 
secondary $   phase in a matrix of "   would be to fi rst melt the 
constituent elements, then homogenize the material and fi nally 
precipitate the desired microstructure. Therefore, it is impera-
tive to have a strict understanding of the solvus line (the line 
separating the "   or $   phases from the "+ $   region) to quan-
titatively control the resulting microstructure. Unidirectional 

      Figure 11.  A schematic of a) a typical binary eutectic phase diagram portraying the effects of 
altering the composition for a given temperature and b) the resulting free energy curves and 
chemical driving force difference resulting from a change in supersaturation. A larger supersat-
uration will lead to a larger chemical driving force, and ultimately stronger nucleation, leading 
to fi ner microstructure formation. The red and blue triangles in (a) assist in the description of 
the effects seen in Figure   13  . 
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in order for nucleation to occur there must be an overall low-
ering of the free energy due to the volume of the second phase 
formed. This is opposed by the increase in free energy due to 
the surface energy between the matrix and secondary phase. 
In nucleation during solidifi cation, these are the important 
terms that dominate the phase formation, however in solid 
state nucleation there is a misfi t strain relation to consider 
because the newly formed phase often does not fi t perfectly into 
the allotted volume on account of differing lattice parameters, 
crystal structures, and often both. 

 Taking into account this misfi t strain, the total free energy 
change (�G  ) is altered from Equation  3  to

�G =
4

3
Br 3 (−�GV + �GS) + 4Br 2(

  
(9)

    

  where (   is the surface free energy, and �GV   and �GS   are the 
volumetric and strain free energy terms. If a spherical nucleus 
is assumed, then the critical radius, r ∗  , and critical free energy 
for nucleation, �G∗  , are

r ∗ =
2(

(�GV − �GS)  
(10)

  

    and

�G∗ =
16B(3

3(�GV − �GS)2
  

(11)
       

 where �GV   is proportional to �T  , which is the undercooling. 
The temperature dependence of these critical values can be 
seen schematically in  Figure    14   as the undercooling is inversely 
proportional to both. The expected trend of fi ner microstruc-
ture with larger undercooling is observed in several thermoelec-
tric systems, as seen in  Figure    15  , including but not limited to 
PbTe–Sb2  Te3   and Bi2  Te3  –In2  Te3  . [  32,94  ]  In these cases the precip-
itate size and spacing decreased drastically as the undercooling 
increased for various annealing temperatures.   

 Based on the thermodynamic equations describing under-
cooling, it would be expected that arbitrarily 
increasing the undercooling would corre-
spond to a proportional increase in nuclea-
tion. For long annealing times this may be 
true, however, there are kinetic limitations to 
consider. For example, increasing the under-
cooling such that it approaches absolute zero 
would not likely result in signifi cant micro-
structure formation in most materials due to 
the lack of diffusion at such temperatures. In 
fact, due to the balancing of thermodynamics 
and kinetics, the fastest nucleation rate is 
often at an intermediate undercooling. [  95  ]  

 In practice it is commonly diffi cult to sepa-
rate the effects of supersaturation and under-
cooling because of the slope of the solvus 
line. As can be seen in Figures  11 ,  14 , as one 
changes either the annealing temperature or 
the composition, it simultaneously affects 
both the undercooling and supersaturation. 
Therefore, from a materials architecture 

however. [  32  ]  Two similarly structured samples of different com-
position were analyzed and the lower solute concentration 
sample resulted in a larger number density, which would imply 
a larger chemical driving force. However, the synthesis routine 
consisted of slow cooling (10 K h -1 ) as opposed to isothermal 
annealing, and the larger solute containing sample’s solvus 
temperature was higher, schematically depicted with triangles 
in Figure  11 a, which lead to a longer duration in the two-phase 
region and signifi cant coarsening. This is an example of how 
the undercooling and supersaturation can change simultane-
ously, which makes decoupling their effects diffi cult.  

 Despite this diffi culty however, it is possible to describe the 
effects undercooling in the context of the critical free energy 

      Figure 13.  Resulting scanning electron microscope (SEM) images of two samples of 
PbTe–Sb2 Te3  where a) had a starting composition of 5.5 at% Sb and b) 4 at%. [  32  ]  However, 
these samples were prepared by slow cooling as opposed to isothermal annealing, and the 
a) 5.5 at% sample was in the two phase region longer than the b) 4 at% sample (as depicted 
by the difference between the circles and triangles for c1  and c2  in Figure  11 a). The resulting 
microstructure suffered in (a) due to signifi cant coarsening despite the higher supersaturation. 

      Figure 12.  The increased supersaturation for a given temperature lead 
to stronger nucleation, fi ner microstructure and eventually a lower 6   
in the case of PbTe-Ag

2
 Te. Adapted with permission. [  30  ]  Copyright 2012, 

Wiley-VCH. 
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the diffusion coeffi cient of a secondary phase 
diffusing in a host matrix material is known, 
it can be estimated how long it would be nec-
essary to anneal a sample to reach complete 
nucleation for a desired structure spacing. 
For materials with very low diffusion coeffi -
cients this can save an experimentalist a large 
amount of time in determining the best can-
didate for microstructure formation. 

 There is room for improvement regarding 
the tuning of the interfacial area per unit 
volume, an important parameter in thermal 
conductivity control. For thermoelectric 
applications it is desired to have a large inter-
facial area per unit volume as it has been 
shown that this results in a large reduction in 
6  . [  15,96  ]  However, in nucleation and growth, 
altering the supersaturation and under-
cooling only signifi cantly alters the number 
density. Assuming geometrical similarity 
for the same morphological microstruc-

ture (maintaining the same aspect ratio, volume fraction, and 
average diameter to inter-plate distance), [  32  ]  the three dimen-
sional limitation to interfacial area per unit volume is governed 
by

AV = C N1/3
v   (13)    

  where AV   is the interfacial area per unit volume, C   is a con-
stant and NV   is the number density of precipitates. In order 
to improve the ratio of interfacial area to volume by a factor of 
two, it would involve an eight fold increase in the number den-
sity, a demand that often times far outreaches the possibilities 
in a nucleation and growth based scheme. Therefore, unless 
the interfacial area to volume is naturally in the optimal regime 
to allow for signifi cant thermal conductivity control, it is dif-
fi cult to signifi cantly alter AV   via supersaturation and under-
cooling alone. 

 However, material selection in and of itself can be consid-
ered a control parameter. The heat of solution is directly pro-
portional to the chemical driving force (�G   in Figure  11 b), [  97  ]  

standpoint, it is necessary to establish the degree of sensitivity 
of each parameter by conducting individual studies of both 
undercooling and supersaturation to attempt to determine 
which has the greatest infl uence regarding microstructure 
optimization. 

 Fortunately there is a simple and effective determining 
length scale to judge how rapid nucleation is, and also when 
nucleation is complete. This information lies in the character-
istic diffusion length l  

l ∝
√

Dt   (12)    

  where D   is the temperature dependent diffusion coeffi cient of 
the solute, and t   is the time in which the diffusion at this tem-
perature takes place. 

 According to the soft impingement effect, [  59  ]  when the 
distance between precipitates is less than or equal to l   it is 
expected for nucleation to have reached its conclusion. This 
should be treated as an order of magnitude approximation, but 
is an important feature because of its simplicity. For example, if 

      Figure 15.  Resulting electron micrographs of the PbTe–Sb2 Te3  [  32  ]  (top row) and Bi2 Te3 –In2 Te3  [  94  ]  (bottom row) systems showcasing the effects of 
increased undercooling for a given composition. In both cases, the microstructure becomes fi ner for a larger undercooling. 

      Figure 14.  A schematic of a) a typical binary eutectic phase diagram portraying the effects of 
altering the temperature for a given composition and b) the resulting free energy vs critical 
radius curves for the two examples. For a larger undercooling, there is a decreased critical 
nucleus size for continued nucleation, therefore an increase in nucleation events leading to 
fi ner microstructure. 
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maintain the far from equilibrium state. In MA/MM, the ener-
gized state is the localized highly disordered state where the 
milling media comes into contact with the material and there 
is very little lattice relaxation after this event (if any) due to the 
low processing temperature. 

 As can be seen in  Figure    16  a, when the material at composi-
tion c1   is at temperature T2  , the liquid state has the lowest free 
energy, thus this high entropy state is the most stable. However, 
if the cooling rate is rapid enough (Figure  16 b), immediately 
after quenching the energized free energy curve ( Gen  ), which 
could be a metastable crystal structure or amorphous state, is 
reached and even though G"   is not the lowest energy confi gu-
ration, the system can rest in this metastable state because it 
has a lower free energy than the previously occupied energized 
state. This scenario occurs if T1   is low enough to prevent phase 
decomposition, which would require long range diffusion. The 
relaxation from Gen   to G"   is possible because it can occur via 
short range diffusion, therefore, there can be short range lattice 
relaxation and the material can be maintained on the G"   curve, 
as seen by the middle point in Figure  16 b, thus increasing the 
solubility from ce   to c1  .  

 The free energy curves look very similar for MA/MM com-
pared to RS processes as can be seen in Figure  16  c. During 
an MA/MM process, milling media (often stainless steel 
spheres) constantly fractures and welds material. As depicted 
in Figure  16 c, a material at composition c1   that undergoes 
a milling event is locally brought up to the energized state, 
and after enough time (≈20–100 h) [  99–101  ]  all of the material is 
brought up to this energized state. Just like in RS, this state 
can be either a metastable crystal structure or an amorphous 
state, however unlike rapid solidifi cation, MA/MM processes 
have an easier time maintaining this state because the reac-
tion kinetics are signifi cantly slower on account of the low pro-
cessing temperature. 

 Also different than RS processing is that the increased 
affected surface area in MA/MM events results in the ability to 
take a material further from equilibrium than is usually pos-
sible by rapid solidifi cation. This is benefi cial as the further 
from equilibrium state leads to a larger solubility extension for 

whereby a larger heat of solution leads to a larger chemical 
driving force, and stronger nucleation. Therefore, a precipi-
tating candidate with a large heat of solution can be chosen as 
this acts to increase the intrinsic value of NV  . This is evident 
when comparing the number density data of PbTe–Ag2  Te and 
PbTe–Sb2  Te3  . For comparable annealing temperatures and 
annealing times the number density of the Ag2  Te structures 
outnumbers that of Sb2  Te3   as seen in  Table    2  . This is due to the 
fact that �Hs   is much higher for Ag2  Te than Sb2  Te3   in PbTe.   

  4.4   .  Nonequilibrium Processing 

 In the previous section it was discussed that a large heat of solu-
tion leads to a large chemical driving force for nucleation, which 
in turn results in a large precipitate number density (Table  2 ). 
However, materials with large heats of solution tend to have 
little solubility and typically form line compounds. Therefore, 
eutectoid and the typical nucleation and growth reactions are 
insuffi cient methods to produce a second phase necessary for 
thermoelectric applications in these types of materials. 

 Fortunately, steps have been made via metastable nonequi-
librium processing, such as rapid solidifi cation (RS), mechan-
ical alloying (MA), and mechanical milling (MM) to improve 
such solubility limits. Turnbull described the methods as routes 
to “energize and quench” the metastable states. [  98  ]  The tech-
niques involve imparting enough energy to the material (”ener-
gize”) to take it far from equilibrium and then attempt to retain 
this confi guration (”quench”). In an RS process the far from 
equilibrium energized state is the (disordered) liquid state, or 
more specifi cally, it is the amorphous solid state that forms 

      Figure 16.  A schematic displaying two different nonequilibrium processing routes. In a) rapid solidifi cation (RS), the system is initially in the liquid 
state, but immediately upon quenching at a rapid enough rate the system can be stabilized in a nonequilibrium position on the free energy curve (b). 
However, in (c) mechanical alloying or mechanical milling (MA/MM) the system is gradually brought up to this energized state, and is often an easier 
route on account of the decreased processing temperature than in RS. 

 Table 2.   The number density, Nv , and heats of solution, �Hs , for Ag2 Te 
and Sb2 Te3  in PbTe. 

Precipitate  T   
[C]  

t  
[h]   

Nv  
[: m −3 ]  

�Hs  
[kJ g-atom −1 ]  

Refs.  

Ag2 Te  500  72  55 ± 30  14.0 ± 3.5     [  30,93  ]   

Sb 2 Te 3   450  38  15 ± 3  4.4 ± 0.2   [  33,93  ]   
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40 nm, consistent with the TEM results. It 
was shown that through this technique the 
lattice thermal conductivity (6l ) could be sig-
nifi cantly reduced relative to pure Mg2  Si, 
however further work is needed to control 
the electron mobility and oxidization from 
the extended milling to use this material in 
a thermoelectric application.    

  5   .  Microstructure Characterization 

 Microstructure quantifi cation relies heavily 
on characterization techniques in order 
to make suitable conclusions about the 
resulting structures. It is benefi cial to know 
what techniques are available and also which 
are appropriate to use at a given time. In 
characterizing lamellar structures by scan-
ning electron microscopy for example, the 
observed spacing as obtained from micro-
graphs is not the true value. In fact, unless 
the lamellae are completely parallel to one 
another and perpendicular to the observation 
plane the spacing will be skewed as shown in 
 Figure    18  a. Fortunately, the experimentally 

determined lamellar spacing distribution can be straightfor-
wardly fi t to [  89  ] 

F =

∫ 82
81

N8 d8∫ ∞
0 N8 d8   

(14)
   

   where F   is the fraction of lamellar spacings for a given interval 
(�8  ) and N8   is the number of lamellar spacings, with

N8 =
1

83

⎛
⎝∫ 8

0
e− (80−80,avg)2

2F2
82

0√
82 − 82

0

d80

⎞
⎠

  

(15)

   

systems with a larger heat of solution. Finally, since thermal 
conductivity severely limits the solidifi cation rate, it can be dif-
fi cult to achieve the cooling rates necessary to increase the solu-
bility in an RS process as thermoelectric materials tend to have 
very low thermal conductivities. 

 Additionally, nonequilibrium processing decreases the 
microstructural restrictions set by the equilibrium phase dia-
gram. By superseding the equilibrium solubility limit it allows 
for a wider array of nanostructuring elements to be chosen 
that may have not been possible by equilibrium methods. 
This is especially true for materials that have large energy 
requirements to reach a nonequilibrium state, such as in line 
compounds. 

 An example of a thermoelectric mate-
rial that is a line compound with a large 
heat of solution is Mg2  Si. It was shown that 
upon Si excess (Mg63.3  Si36.7  ) and signifi -
cant milling times (120 h) it was possible to 
eliminate the pure Si peaks from the X-ray 
diffraction spectra, whereby upon consoli-
dation via hot pressing, the Si and Mg2  Si 
peaks would revert back to the normal 
spectrum resulting in fi ne microstructure 
( Figure    17  ). [  102  ]  It is not known whether 
this was due to an amorphization of the 
material, or if the size of the Si particles 
became suffi ciently small to broaden the 
peaks in the X-ray spectra, however trans-
mission electron microscopy (TEM) and 
small angle X-ray scattering (SAXS) meas-
urements verifi ed nanoparticle formation, 
and established the resulting bimodal size 
distribution peaking at values of 7 nm and 

      Figure 18.  a) Schematic showing the difference in observed lamellar spacing and true lamellar 
spacing for a sample in which the observation plane is not perpendicular to the lamellae. 
b) A plot of the lamellar spacing distribution experimentally determined from SEM images, 
fi t by Equations  14 , 15 , and calculated using a Gaussian distribution based on the parameters 
80 ,avg  and F  . Figure adapted with permission. [  89  ]  Copyright 2008, Materials Research Society. 

      Figure 17.  The results of a) X-ray diffraction (XRD) and b) small angle X-ray scattering (SAXS) 
measurements for Mg63.3 Si36.7  prepared by nonequilibrium processing. Inset in (b) is a trans-
mission electron microscope (TEM) image of the resulting Si microstructure. The XRD patterns 
indicate that the additional Si either dissolves in the Mg2 Si or becomes suffi ciently small to 
broaden the two peaks into one. The resulting TEM and SAXS measurements quantitatively 
showcase the extremely fi ne scale in which the Si particles form during the consolidation step. 
Adapted with permission. [  102  ]  Copyright 2012, Wiley-VCH. 
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of microstructure observation. In PbTe based specimens, it was 
determined that artifi cial nanoscale ”features” can be created 
during the ion milling step of materials preparation. It was dis-
covered that unless the sample was cooled to a range of 140–
160 K artifi cial features of a similar size and morphology were 
created. [  65  ]  Therefore it is important to be aware the potential 
artifacts that can be created, intentional or otherwise. 

 Quantities which can characterize the size scales pertinent 
to these structuring techniques are summarized in  Table    3  . A 
direct way of measurement is to analyze the two dimensional 
micrographs and convert the results to three dimensional 
quantities using stereological relations. [  106  ]  Number density, 
Nv   (per volume), for example, can be evaluated from the two 
dimensional NA   (number density per area) using the stereolog-
ical relation Nv = NAd−1  , where d   is the average feature size. 
This value varies depending on the feature morphology as d   
for spherical particles is the diameter [  106  ]  and it is the radius for 
circular plates. [  32  ]  

 In order to obtain statistically sound information for a given 
sample, it is necessary to analyze a large number of micro-
graphs. In SEM observations, caution should be exercised 
if the size scale is in the nanometer range since the samples 
may become transparent to the incident beam. Otherwise, 
such quantities as number density, Nv  , volume fraction, fv  , 

   where 8  , 80,avg  , and F   are the apparent lamellar spacing, 
average true lamellar spacing, and the standard deviation of 
the average true lamellar spacing. Once the values of 80,avg   
and F   are determined it is possible to calculate the true 
lamellar spacing distribution, as can be seen in Figure  18 b 
for the PbTe-Sb2  Te3   system. This method is valid when the 
true lamellar spacing distribution is Gaussian and for regions 
of the SEM images in which the microstructure is lamellar. 
This method breaks down for areas in which the lamellae 
have coarsened and or the transformation mechanism results 
in non-lamellar microstructure. In such cases there is a tech-
nique developed by Cahn and Fullman [  103  ]  that necessitates a 
larger sample size, however with suffi cient data converges to 
the true spacing distribution. The issues in determining true 
vs apparent spacings exist for other morphology types as well, 
and there are other established methods in determining those 
values. [  32  ]   

 Transmission electron microscopy has also been used to 
incorporate pertinent quantities of observed defects, such as 
dislocation density, boundary length, and precipitate size/
spacing [  104  ]  into established thermal models [  105  ]  to better under-
stand the correlations of microstructure and lattice thermal 
conductivity. Although, a word of caution about transmission 
electron microscopy preparation is necessary in the discussion 

 Table 3.   Major microstructural morphologies and their quantifi cation techniques .

Morphology  Process Reaction  Quantity  Inter-relation  Interface density  

Grain Size   Powder metallurgy 

 Solidifi cation   
Grain diameter, d   −    3d−1  a)   

Grain boundary phase   Powder metallurgy 

 Solidifi cation + Precipitation   
 Grain diameter, d  

 Thickness, t  
 Volume fraction, fv    

fv  3dt −1
   6d−1  a,b,c)   

Dendrite  Solidifi cation  Secondary dendrite arm spacing, ds   −    −    

Lamellae   Eutectic 

 Eutectoid   
 Interlamellar spacing, 8   

 Lamellar width, t1, t2  

 Volume fraction, f 1 , f 2    

 8 = t1 + t2  

 f 1 = t18−1  

 f2 = t18−1
  

 f1 + f2 = 1    

28−1  d)   

Modulated Structure   Precipitation, 

 Spinodal decomposition   
 Wavelength, L  

 Volume fraction, fv    
−    −    

Rod precipitates   Eutectic 

 Eutectoid 

 Monotectic 

 Monotectoid 

 Precipitation   

 Number per volume, Nv  

 Rod diameter, d  

 Rod length, l  
 Volume fraction, fv    

 fv = NvlB d
2

)2

  

 fv = NpB d
2

)2
  

 Np    

4 fvd−1  e)   

Plate precipitates  Precipitation   Number per volume, Nv  

 Area per plate, Ap  

 Thickness, t  
 Volume fraction, fv    

fv = Nv Apt   2 fvt−1  e,f)   

Spherical precipitates   Eutectic 

 Eutectoid 

 Monotectic 

 Monotectoid 

 Precipitation   

 Number per volume, Nv  

 Diameter, d  

 Volume fraction, fv    

fv = 4
3

)
NvB d

2

)3

   
6 fvd−1   

   a)  d  is equivalent sphere diameter. Other model shapes can be found in the literature; [  106  ]    b)  For t � d;   c)  Phase boundary density, which is two times the grain boundary 
area per volume, is shown for  A v  ;   d)   The interlamellar spacing should be the “true” interlamellar spacing; [  89  ]    e)  Only the large surface is taken into account;   f)  Phase boundary 
density, which is two times the plate area per volume is shown for Ap    .
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intrinsic semiconductor. [  29,30  ]  Upon addition of La there was 
a signifi cant increase in carrier concentration and on account 
of the Seebeck coeffi cient optimization, resulted in enhanced 
thermoelectric properties as an n-type semiconductor. A similar 
story resulted in the Na doped case, however the conductivity 
was p-type. 

 An often encountered problem with carrier concentration 
control, however, is the generation or depletion of carriers due 
to the microstructure formation. For example, in the case of 
Sb2  Te3   structures in PbTe via nucleation and growth, the equi-
librium composition of the cases that have the best results for 
thermoelectric applications tend to be over doped (n-type) due 
to excess Sb dissolved in the matrix, well beyond the optimal 
carrier concentration for n-PbTe. [  31  ]  In order to combat this, 
it would be necessary to counter dope the material with an 
acceptor impurity (such as an alkali metal) or decrease the 
amount of residual dopant in the matrix in order to decrease 
the carrier concentration to the desired level. 

 Increasing the number of constituent elements in these 
materials has drawbacks, however. Most high effi ciency ther-
moelectric materials are binary compounds and incorporating 
an element to generate microstructure transforms them into 
ternary compounds. The chance of the nanostructured com-
pound having the optimal carrier concentration for thermoelec-
tric purposes is possible but low, so it is expected that a mate-
rial structured and then extrinsically doped will ultimately be 
quaternary in nature. 

 The resulting chemical complexity can lead to solubility 
limits in these types of materials. For instance, the solubility 
of Na in PbTe is limited by the inclusion of Ag2  Te as evidenced 
by the maximum carrier concentration achieved being less than 
the optimal value in Na doped PbTe without structures. [  29,108  ]  
While in the case of the extremely low solubility system of Bi 
and As, the alloying of Bi with Sb increases the solubility of 
As with respect to (Bi,As) in order to achieve fi ne microstruc-
ture. [  109,110  ]  It is unclear whether these limits correspond to a 
change in thermodynamics, or if the source of the inhibition is 
the interfacial strain induced by the microstructure. Whatever 
the case may be, it is important to understand the diffi culties 
associated with microstructure formation of this nature. 

 The chemical complexity becomes especially important 
in materials due to either crystal or micro-
structural anisotropy where directionally 
dependent transport measurements are 
necessary to understand the fundamentals 
governing materials design. Such systems 
require advanced synthesis techniques for 
single crystal growth or grain orientation/
texturing such as directional solidifi cation 
or zone melting. However, through rigorous 
understanding of the phase diagram of a 
given system it is possible to alleviate this 
concern because the most important param-
eters to utilize these synthesis techniques 
require a critical knowledge of the liquidus 
and solidus lines. Furthermore, as previously 
discussed, the nature of the solvus line is 
vital in certain aspects of microstructure for-
mation and control.  

or feature size, d , of structure phases can be overestimated. 
Therefore, it is necessary to establish methods to corroborate 
the independent techniques. Volume fractions of constituent 
phases ( fi  ) can be obtained by the Rietveld analysis of powder 
X-ray diffraction (XRD) spectra and volume fraction can be 
calculated in systems that have established phase diagrams 
via the lever rule. To obtain information regarding size scales 
such as feature size, d  , thickness, t , or spacing, l  , powder XRD 
with the aid of Scherrer’s equation [  107  ]  or small angle X-ray or 
neutron scattering can be used if the structures are less than 
100 nm. 

 The interrelations between these quantities listed in 
Table  3  can be used to check the consistency of measurements 
or to determine a quantity which is not measured. In the right 
column, interface density (Av  , area per unit volume) is listed 
using average feature size (and volume fraction). The number 
of intersections per length on a random line in a three dimen-
sional space Nl   is related to Av   as Nl = 1

2 Av  . [  106  ]  Therefore, if 
the mean intersection length .   is defi ned as . ≡ N−1

l = 2A−1
v  , 

.   readily describes the average distance with which phonons 
encounter boundaries.   

  6   .  Beyond 6l , Tuning Carrier Concentration 

 Upon quantitatively establishing a successfully structured 
material, it is necessary to verify the extent to which the optimal 
carrier concentration can be approached. If the resulting micro-
structure acts to inhibit electron transport, the resulting nano-
structured material would run the risk of removing the benefi ts 
from the thermal conductivity reduction. This would lead to a 
resulting material with an overall lower zT   than one started 
with, an obvious mishap sometimes seen in functional material 
design. 

 The most successful system with regard to optimized ther-
moelectric properties structured via nucleation and growth is 
the PbTe–Ag2  Te system. Seen in  Figure    19    is the thermal con-
ductivity data for both Na and La doped PbTe. This is a remark-
able feat, as the Ag addition not only was a suitable candidate 
for microstructure generation, but also left the carrier concen-
tration low enough (≈10 17  cm −3 ) that it could be considered an 

Figure 19. Thermal conductivity data comparing the benefi ts of the nanostructuring in PbTe 
composites of Ag2Te for a) Na[29] and b) La[30] additions. Adapted and reproduced with permis-
sion.[29,30] Copyright 2011, The Royal Society of Chemistry; 2011, Wiley-VCH.
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  7   .  Conclusions 

 Presented here are several techniques that involve composite 
formation and quantitative microstructure control to reduce 
the lattice thermal conductivity as a means to improve zT   for 
thermoelectric applications. Relevant to microstructure control 
are the tunable parameters, such as temperature, composition 
and time, which are the most important fi rst order controls. 
Here we go beyond these parameters and show how materials 
design can be controlled when considering other synthesis spe-
cifi c properties such as entropy of fusion, crystal structure simi-
larity, and lattice parameter mismatch. Because much of this 
microstructure control stems from the energetics and relation-
ships of phases in equilibrium phase diagrams, computational 
techniques to determine these phase diagrams [  111–113  ]  will rap-
idly become a powerful tool as they become faster and more 
accurate. 

 Even though thermal conductivity reduction is a proven 
method to signifi cantly enhance zT   in thermoelectric mate-
rials, it will be necessary to move beyond this technique to 
advance the state of the art. Next generation materials design 
will have to also incorporate improved electronic properties 
to see real success as functional materials. However, these 
advances may be closer to reality than at fi rst glance, as strides 
are being made in a new avenue of thermoelectric design 
through band structure engineering techniques. [  114  ]  These tech-
niques act to improve the thermoelectric properties by manip-
ulation of the band structure in a material, with examples as 
simple as alloying to widen band gap  [  115  ]  or the more intricate 
band alignment to increase the band degeneracy for a given 
carrier concentration. [  108,116–118  ]  

 While the application of band structure modifi cations is rela-
tively new, it is certainly possible to combine the effects of band 
structure engineering with thermal conductivity reduction by 
nanostructuring and achieve a synergistic result. In fact, in the 
case of the Na doped PbTe–Ag2  Te system it is already taking 
advantage of the increased band degeneracy of PbTe with suffi -
cient Na doping. The results are not as prominent as one would 
desire with respect to peak zT   because of the limited Na solu-
bility in the presence of Ag2  Te, however the average zT   in this 
material is one of the highest on record due to the near room 
temperature thermal conductivity reduction. [  29  ]  

 This is just one of the possibilities regarding the coupling 
of power factor enhancement and thermal conductivity reduc-
tion. While this avenue of thermoelectric optimization has not 
been fully explored, it is a clear indication that future materials 
design in bulk thermoelectrics will need to seek simultaneous 
enhancements of material properties.  
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